Abstract-In-plane light propagation in two-dimensional (2D) photonic crystals (PCs) has been investigated by using an adaptive finite element method (FEM). Conventionally, the band structures of 2D PCs were calculated by either the plane-wave expansion method (PWEM) or the finite difference time domain method. Here, we solve the eigenvalue equations for the band structures of the 2D PCs using the adaptive FEM in real space. We have carefully examined the convergence of this approach for the desired accuracy and efficiency. The calculated results show some discrepancies when compared to the results calculated by the PWEM. This may due to the accuracy of the PWEM limited by the discontinuous nature of the dielectric functions. After acquiring the whole information of the dispersion relations within the irreducible Brillouin zone of the 2D PCs, the in-plane photon density of states can be calculated, accurately. These results are relevant to the spontaneous emission by an atom, or to dipole radiation in two-dimensional periodic structures.
Many numerical methods have been developed and applied to the analysis and investigation of photonic crystals (PCs) including the plane-wave expansion method (PWEM) [1] [2] [3] [4] [5] [6] [7] , the finitedifference frequency-domain/finite-difference time-domain (FDTD) method [8] [9] [10] , the multiplescattering method [11, 12] , and the finite-element frequency-domain/finite-element time-domain method [13] [14] [15] [16] [17] [18] [19] [20] , and others. In spite of successful computations, there are several problems with Fourier-based methods. First of all, the dielectric function is discontinuous, so Fourier-type expansions converge slowly. Many precautions must be taken in order to ensure that the calculated spectra are correct. For instance, it was found that the discontinuous nature of the dielectric function severely limits the accuracy of the PWEM [7] . The other is the field localization due to the complexity of geometry. In addition, the difference relations in the FDTD method generate errors that are due to numerical dispersion, which limits the overall size of the structure. When the shape of the grid does not conform to the shape of a real material such as a circular rod, additional errors can be produced [21] . As experimental techniques to fabricate PCs are improved, a more rigorous method, which is free from these drawbacks, will be required. The finite-element method (FEM) has proved to be a flexible and efficient numerical tool with which to design various types of microwave components with inhomogeneous and complex structures [22] .
In this work, in-plane light propagation in a two-dimensional (2D) photonic crystal is investigated by using adaptive finite element method. The polarization characteristics including both the transverse electric (TE) and transverse magnetic (TM) modes are considered in our simulation model. The finite-element method is employed to discretize the dielectric function profile of the PCs and the in-plane band structures are calculated by solving eigenvalue equations with proper periodic boundary conditions following the Bloch theorem [23] . We have carefully examined the convergence of this approach for the desired accuracy and efficiency. The calculated results show some discrepancies when compared to the results by the PWEM. Based on the finite-element analysis of the in-plane band structures of the 2D PCs in the irreducible Brillouin zone, the in-plane photon density of states (PDOS) of the 2D PCs for the TE and TM modes can be calculated accurately. In a 2D periodic system, the refractive index is a periodic function of x and y. We assume that the materials are linear, homogeneous, isotropic, lossless, and nonmagnetic. We have
where ε r (x, y) is the dielectric function profile, and ε a and ε d are the dielectric constants of the air and dielectric regions, respectively. For light propagating in the xy-plane, we can separate the modes into two independent polarizations, TM and TE modes, characterized by the field components parallel to the rods, E z (x, y) and H z (x, y), respectively. For in-plane propagation (k z = 0), the Helmholtz's equations for the air (dielectric) region can be rearranged as:
and
As the system has discrete translational symmetry in the xy-plane, we have ε( r || ) = ε( r || + R), where r || is the in-plane position vector and R is the linear combination of the primitive lattice vectors. By applying Bloch theorem, we can focus our attention on the values of the in-plane wave vector, k || = k xx + k yŷ , that are in the first Brillouin zone. We can calculate the in-plane band structures of 2D PCs by solving Eqs. (2) and (3) with the following boundary conditions,
By symmetry, we further restrict the value of k x and k y in the irreducible Brillouin zone. For illustrations, we consider a triangular lattice, as shown in Fig. 1 . The cross-sectional views of a triangular array of air columns with a radius r = 0.4297 a drilled in a dielectric substrate of dielectric constant ε d = 11.9, and the corresponding reciprocal lattice are shown in Fig. 1(a) and Fig. 1(b 
Finite Element Method
In any periodic structure only a single cell needs to be considered. The unit cell of the triangular lattice we chose is also shown in Fig. 1(a) . With the information of the phase changes, the 2D Helmholtz's equations, Eqs. (2) and (3), and the corresponding equations of boundary conditions, Eqs. (4) and (5), form two sets of eigenvalue problems for the TM and TE polarizations, respectively. To solve the eigenvalue equations, we employ an eigensolver for partial differential equations based on an adaptive finite element method. For the adaptive FEM, a 2D, 6-node triangular finite element with a 5th-order basis function providing continuous derivatives between elements is used and the subdomains are partitioned into triangles, or mesh elements. The spatial domain will be discretized into smaller and smaller triangles for satisfying the Helmholtz's equations and the imposed boundary conditions until the desired accuracy is achieved.
In-plane Photon Density of States
The dispersion relations of not only the boundaries but the interior of the irreducible Brillouin zone are needed for the calculation of photon density of states. For the dispersion relation of the triangular lattice, the dimensionless frequency is calculated as a function of Bloch's vector as in the interior of the triangle ΓM K of the irreducible Brillouin zone. Then, the dispersion relations can be plotted as 3D (k x − k y − ω) diagrams and it will be a surface for each band. To perform the in-plane PDOS calculation, by definition, we have dN (ω) ≡ D(ω)dω. Therefore, we have the expression for the PDOS as
RESULTS AND DISCUSSION
We have carefully examined the convergence of the FEM approach for the desired accuracy and efficiency. The convergence tests of the first 15 bands of the triangular array have been done. The fractional errors of all eigenvalues are smaller than 10 −4 when the mesh number increases to 16,340. Fig. 2 shows the calculated band structures for the TE and TM modes of the triangular lattice. A complete photonic band gap opens at ωa/2πc ∼ 0.4. The calculated results are quite similar to those in Ref. [6] . However, some discrepancies have been found after we carefully compared the data from our approach with those by the PWEM in Ref. [6] . Fig. 2 also shows the data calculated by the PWEM for comparison. The discrepancy is getting larger as the frequency is going to higher regime. This may be due to the accuracy of the PWEM limited by the discontinuous nature of the dielectric functions [7] . As the contrast of the dielectric constant is high, the step-like dielectric function is usually approximated by limited number of Fourier basis in the PWEM. Therefore, the convergence of the PWEM to realistic cases will be slow and sometimes not so good. After acquiring the whole information of the dispersion relations, the photon density of states can be calculated. The eigenfrequencies for 861 k-points uniformly distributed in the irreducible Brillouin zone have been calculated via the FEM approach. The in-plane PDOS for the TE and TM modes has been calculated and plotted, as shown in Fig. 3 . The results calculated by PWEM in Ref. [6] are also given in Fig. 3 for comparison. As one can see in the figure, the complete band gap, i.e., the overlap of the gaps of TE and TM modes, predicted by our method is smaller and shifts to lower frequency for the case. 
CONCLUSION
We have investigated the in-plane light propagation in 2D photonic crystals by using the adaptive finite element method in the frequency domain. Conventionally, the band structures of the 2D PCs were calculated by either the plane-wave expansion method or the finite difference time domain method. We have carefully examined the convergence of this approach for the desired accuracy and efficiency. The calculated results show some discrepancies when compared to the results calculated by the PWEM. This may be due to the accuracy of the PWEM limited by the discontinuous nature of the dielectric functions. Based on the finite-element analysis of the in-plane dispersion relations of the 2D PCs in the irreducible Brillouin zone, the in-plane photon density of states for both the TE and TM modes can be calculated accurately. These results are relevant to the spontaneous emission by an atom, or to dipole radiation in two-dimensional periodic structures.
